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Abstract
Ovoids in PG(3,q) have been an interesting topic in coding theory, combinatorics, and finite
geometry for a long time. So far only two families are known. The first is the elliptic quadratics
and the second is the Tits ovoids. In this article, we present a family of ovoids in PG(3,2m) for
all m which are from a family of irreducible cyclic codes.
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1. Introduction
A cap in PG(3,GF(q)) is a set of points in PG(3,GF(q)) such that no three are collinear. Let
q > 2. For any cap V in PG(3,GF(q)), we have |V | ≤ q2+ 1 (see [4], [10] and [9] for details).
In the projective space PG(3,GF(q))with q> 2, an ovoid V is a set of q2+1 points such that
no three of them are collinear (i.e., on the same line). In other words, an ovoid is a (q2+ 1)-cap
(a cap with q2+ 1 points) in PG(3,GF(q)), and thus a maximum cap.
A classical ovoid V can be defined as the set of all points given by
V = {(0,0,1,0)}∪{(x, y, x2+ xy+ ay2, 1) : x, y ∈GF(q)}, (1)
where a∈GF(q) is such that the polynomial x2+x+a has no root in GF(q). Such ovoid is called
an elliptic quadric, as the points come from a non-degenerate elliptic quadratic form.
For q = 22e+1 with e ≥ 1, there is an ovoid which is not an elliptic quadric, and is called the
Tits oviod [11]. It is defined by
T = {(0,0,1,0)}∪{(x, y, xσ + xy+ yσ+2, 1) : x, y ∈ GF(q)}, (2)
where σ = 2e+1.
For odd q, any ovoid is an elliptic quadric (see [1] and [7]). For even q, Tits ovoids are the
only known ones which are not elliptic quadratics. In the case that q is even, the elliptic quadrics
and the Tits ovoid are not equivalent [12]. For further information about ovoids, the reader is
referred to [8] and [6]. The objective of this article is to present a family of ovoids in PG(3,2m)
from irreducible cyclic codes over GF(2m).
Preprint submitted to Elsevier October 19, 2018
2. Ovoids in PG(3,GF(q)) and [q2+ 1,4,q2− q] Codes
Let V be an ovoid in PG(3,GF(q)) with q > 2. Denote by
V = {v1,v2, · · · ,vq2+1}
where each vi is a column vector in GF(q)
4. Let CV be the linear code over GF(q)with generator
matrix
GV =
[
v1v2 · · ·vq2+1
]
. (3)
Note that V intersects each plane in either one point or q+ 1 points. It then follows that CV
has only the nonzero weights q2− q and q2. The code is clearly projective. Solving the first two
Pless power moments, one obtains the following weight enumerator of the code:
1+(q2− q)(q2+ 1)zq2−q +(q− 1)(q2+ 1)zq2 . (4)
Hence, CV is a [q
2+ 1,4,q2− q] code over GF(q). Its dual is a [q2+ 1,q2− 3,4] code.
Linear codes over GF(q) with parameters [q2+ 1,4,q2− q] are special and attractive due to
the following result [3, p. 192].
Lemma 1. Any linear code over GF(q) with parameters [q2+ 1,4,q2− q] must have the weight
enumerator of (4).
The following theorem follows from Lemma 1.
Theorem 2. The dual of any linear code over GF(q) with parameters [q2+ 1,4,q2− q] must
have parameters [q2+ 1,q2− 3,4].
The following conclusion then follows from Theorem 2.
Theorem 3. Let C be a [q2+ 1,4,q2− q] code over GF(q). Let G be a generator matrix of C.
Then the column vectors of G form an ovoid in PG(3,GF(q)).
Due to Theorems 3 and 2, linear codes over GF(q) with parameters [q2 + 1,4,q2− q] are
called ovoid codes. Another special feature of ovoid codes is that they meet the Griesmer bound.
Linear codes over GF(q) with parameters [q2+ 1,q2− 3,4] are almost-MDS codes. Note that
the weight distribution of general almost-MDS codes is not known, though that of MDS codes is
determined.
3. A Family of Cyclic Codes with Parameters [q2+ 1,4,q2− q]
The objective of this section is to present a family of irreducible cyclic codes over GF(q)
with parameters [q2+1,4,q2−q], which give a family of ovoids in PG(3,GF(q)) by Theorem 3.
Let r be a power of q and q be a power of a prime p. Let N > 1 be an integer dividing r− 1,
and put n = (r− 1)/N. Let α be a primitive element of GF(r) and let θ = αN . The set
C(r,N) = {(Trr/q(β),Trr/q(βθ), ...,Trr/q(βθn−1)) : β ∈ GF(r)} (5)
is called an irreducible cyclic [n,m0] code over GF(q), where Trr/q is the trace function from
GF(r) onto GF(q), m0 is the multiplicative order of q modulo n and m0 divides m.
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Let ζp = e
2pi
√−1/p, and χ(x) = ζ
Trr/p(x)
p , where Trr/p is the trace function from GF(r) to
GF(p). Then χ is an additive character of GF(r). Let α be a fixed primitive element of GF(r).
Define C
(N,r)
i = α
i〈αN〉 for i = 0,1, ...,N − 1, where 〈αN〉 denotes the subgroup of GF(r)∗ gen-
erated by αN . The cosets C
(N,r)
i are called the cyclotomic classes of order N in GF(r). The
Gaussian periods are defined by
η
(N,r)
i = ∑
x∈C(N,r)i
χ(x), i = 0,1, ...,N− 1,
where χ is the canonical additive character of GF(r).
To determine the weight distribution of some irreducible cyclic codes later, we need the
following lemma [5].
Lemma 4. Let e1 be a positive divisor of r− 1 and let i be any integer with 0≤ i < e1. We have
the following multiset equality:{{
xy : y ∈ GF(q)∗, x ∈C(e1,r)i
}}
= (q−1)gcd((r−1)/(q−1),e1)
e1
∗C(gcd((r−1)/(q−1),e1),r)i ,
where
(q−1)gcd((r−1)/(q−1),e1)
e1
∗C(gcd((r−1)/(q−1),e1),r)i denotes the multiset in which each element in
the set C
(gcd((r−1)/(q−1),e1),r)
i appears in the multiset with multiplicity exactly
(q−1)gcd((r−1)/(q−1),e1)
e1
.
Proof. We just prove the conclusion for i = 0. The proof is similar for i 6= 0 since
C
(gcd((r−1)/(q−1),e1),r)
i = α
iC
(gcd((r−1)/(q−1),e1),r)
0 .
Note that every y ∈GF(q)∗ can be expressed as y = α r−1q−1 ℓ for an unique ℓ with 0≤ ℓ < q−1 and
every x ∈C(e1,r)0 can be expressed as x = αe1 j for an unique j with 0≤ j < (r− 1)/e1. Then we
have
xy = α
r−1
q−1 ℓ+e1 j.
It follows that
xy = α
r−1
q−1 ℓ+e1 j = (αgcd((r−1)/(q−1),e1))
r−1
(q−1)gcd((r−1)/(q−1),e1) ℓ+
e1
gcd((r−1)/(q−1),e1) j.
Note that
gcd
(
r− 1
(q− 1)gcd((r− 1)/(q− 1),e1) ,
e1
gcd((r− 1)/(q− 1),e1)
)
= 1.
When ℓ ranges over 0 ≤ ℓ < q− 1 and j ranges over 0≤ j < (r− 1)/e1, xy takes on the value 1
exactly
q−1
e1
gcd((r− 1)/(q− 1),e1) times.
Let xi1 ∈ C(e1,r)0 for i1 = 1 and i1 = 2, and let yi2 ∈ GF(q)∗ for i2 = 1 and i2 = 2. Then
x1
x2
∈C(e1,r)0 and y1y2 ∈GF(q)∗. Note that x1y1 = x2y2 if and only if
x1
x2
y1
y2
= 1. Then the conclusion
of the lemma for the case i = 0 follows from the discussions above.
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Let N > 1 be an integer dividing r− 1, and put n = (r− 1)/N. Let α be a primitive element
of GF(r) and let θ = αN . Let Z(r,a) denote the number of solutions x ∈ GF(r) of the equation
Trr/q(ax
N) = 0. We have then by Lemma 4
Z(r,a) =
1
q
∑
y∈GF(q)
∑
x∈GF(r)
ζ
Trq/p(yTrr/q(ax
N ))
p
=
1
q
∑
y∈GF(q)
∑
x∈GF(r)
χ(yaxN)
=
1
q

q+ r− 1+N ∑
y∈GF(q)∗
∑
x∈C(N,r)0
χ(yax)


=
1
q

q+ r− 1+(q− 1)gcd( r− 1q− 1 ,N) · ∑
z∈C
(
gcd
(
r−1
q−1 ,N
)
,r
)
0
χ(az)

 .
Then the Hamming weight of the codeword
c(β) = (Trr/q(β),Trr/q(βθ), ...,Trr/q(βθ
n−1)) (6)
in the irreducible cyclic code of (5) is equal to
n− Z(r,β)− 1
N
=
(q− 1)
(
r− 1− gcd
(
r−1
q−1 ,N
)
η
(
gcd
(
r−1
q−1 ,N
)
,r
)
k
)
qN
. (7)
Below we present a family of two-weight cyclic codes which are in fact ovoid codes.
Theorem 5. Let q = 2s, where s ≥ 2. Let m = 4 and N = q2− 1. Then the code C(r,N) over
GF(q) of (5) has parameters [q2+ 1,4,q2− q] and weight enumerator
1+(q2− q)(q2+ 1)zq2−q +(q− 1)(q2+ 1)zq2 . (8)
Proof. Let
N1 = gcd((r− 1)/(q− 1),N) = q+ 1.
It then follows from [2] that
η
(N1,r)
0 =−(q2− q+ 1), η(N1,r)i = q− 1 for 1≤ i ≤ q.
Let β ∈ C(N1,r)i , where 0 ≤ i ≤ q. By (7), the Hamming weight of the codeword c(β) in (6) is
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given by
wt(c(β)) =
(q− 1)
(
r− 1− gcd
(
r−1
q−1 ,N
)
η
(
gcd
(
r−1
q−1 ,N
)
,r
)
k
)
qN
=
(q− 1)
(
r− 1− (q+ 1)η(N1,r)k
)
qN
=
{
q2 if i = 0,
q2− q if 1≤ i ≤ q.
It is obvious that the dual code of C(r,N) has minimum distance at least 2. Let w1 = q
2− q and
w2 = q
2. Let Aw1 and Aw2 denote the number of codewords with weight w1 and w2 in C(r,N),
respectively. The first two Pless power moments then become
Aw1 +Aw2 = q
4− 1 and w1Aw1 +w2Aw2 = q3(q− 1)(q2+ 1).
Solving this set of equations above yields
Aw1 = (q
2− q)(q2+ 1), Aw2 = (q− 1)(q2+ 1).
This completes the proof.
The following problem is open.
Open Problem 6. Are the ovoids given by C(r,N) equivalent to the elliptic quadratics or the Tits
ovoids?
4. Concluding remarks
Let C be a [q2+ 1,4,q2− q] code over GF(q), i.e., an ovoid code. The weight distribution of
C
⊥ is given below.
Theorem 7. Let q ≥ 4, and let C be a [q2 + 1,4,q2− q] code over GF(q). Then the weight
distribution of C⊥ is given by
q4A⊥ℓ =
(
q2+ 1
ℓ
)
(q− 1)ℓ+ u ∑
i+ j=ℓ
(
q2− q
i
)
(−1)i
(
q+ 1
j
)
(q− 1) j +
v
[
(−1)ℓ
(
q2
ℓ
)
+(−1)ℓ−1(q− 1)
(
q2
ℓ− 1
)]
(9)
for all 4≤ ℓ≤ q2, and
q4A⊥
q2+1 = (q− 1)q
2+1+ u(q− 1)q+1+ v(q− 1),
where
u = (q2− q)(q2+ 1), v = (q− 1)(q2+ 1) (10)
and A⊥ℓ denotes the number of codewords of weight ℓ in C
⊥.
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Any ovoid code C over GF(q) holds 3-designs which are documented below.
Theorem 8. Let q ≥ 4 and let C be a [q2+ 1,4,q2− q] code over GF(q). Then the supports of
the codewords of weight q2− q in C form a design with parameters
3-(q2+ 1, q2− q, (q− 2)(q2− q− 1)).
The complement of this design is a 3-(q2+ 1,q+ 1,1) Steiner system (i.e., an inversive plane).
Furthermore, the supports of all the codewords of weight 4 in C⊥ form a 3-(q2+ 1,4,q− 2)
design.
Another open problem is if the 3-designs held in the codes C(r,N) are equivalent to those
held in the ovoid code from the elliptic quadric or the Tits ovoid.
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